ON THE SINGULARITY OF QUILLEN METRICS 
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Abstract. Let tt : X — > 5 be a holomorphic map from a compact Kahler 
manifold (X, gx) to a compact Riemann surface S. Let £„- be the critical 
locus of tt and let A = 7r(S7r) be the discriminant locus. Let (£, h^) be a 
holomorphic Hcrmitian vector bundle on X. We determine the singularity of 
the Quillen metric on deti?7r*£ near A with respect to gxWx/S an d h-i- 



1. Introduction 

Let X be a compact Kahler manifold of dimension n + 1 with Kahler metric gx, 
and let S be a compact Riemann surface. Let tt : X — > S be a surjective holomorphic 
map such that every connected component of X is mapped surjectively to S. Let 
Tin '■= {x G X; d,Tr(x) = 0} be the critical locus of tt. For t € S, set Xt := 7r _1 (t). 
The relative tangent bundle of tt: X — > S is the subbundle of TX\x\t. 7 , defined as 
TX/S := ker7r*| x \ Sx . Set 

A:=7r(£ ff ), S°:=S\A, X° := X| S o, 7r :=7r|x<>. 

Then 7r° : X° — * 5° is a holomorphic family of compact Kahler manifolds. Let 
5x/s ; — 9x\tx/s be the Hermitian metric on TX/S induced from gx- 

Let ( -t I be a holomorphic vector bundle on X equipped with a Hermitian 
metric fi£. Let A(£) = deti?7r*£ be the determinant of the cohomologies of £. By 
[5], [14], [15], A(£)|s° is equipped with the Quillen metric || • || g with respect to 
the metrics gx/s an d 

Let € A be an arbitrary critical value of tt, and let (U, t) be a coordinate 
neighborhood of S centered at with U n A = {0}. Set U° :=U\ {0}. 

Let a be a nowhere vanishing holomorphic section of A(£) on U. Then log || a\\ \^ q 
is a C°° function on U° by [5] . The purpose of this article is to study the behavior 

of log I|ct(*)IIaco,Q ast ^°- 

For a holomorphic vector bundle F over a complex manifold with zero-section 
Z, define the projective-space bundle F(F) as ¥(F) := (F \ Z)/C*. The dual 
projective-space bundle P(T) V is defined as P(F) V := P(F V ), where F y is the dual 
vector bundle of F. 

Following Bismut [3], we consider the Gauss map /x: X \ — > P(TX) V that 
assigns x £ X \ E w the hyperplane ker(TT*) x S P(T X X) V . Since /i extends to a 
meromorphic map [i: X — » P(TX) V , there exists a resolution g: (X, £7) — > (X, E w ) 
of the indeterminacy of /z such that /I := fi o q extends to a holomorphic map from 
X to P(TX) V and such that E is a normal crossing divisor of X. (For the scheme 
structure of E, see Sect. 3.) Let U be the universal hyperplane bundle of rank 
n = AimX/S over P(TX) V , and let H := O r{TX y(l). 

The author is partially supported by the Grants-in-Aid for Scientific Research for Encourage- 
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After Barlet [1], we define a subspace of C°(U) by 

n 

B{U):=C°°{U)® 0|*| 2r (log|*|) fe -C°°(W). 

r€Qn(0,l] fc=0 

A function ip(t) G B(U) has an asymptotic expansion at G A, i.e., there exist 
r u . . . , r m G Q n (0, 1] and / , f l<k G C 00 ^), I = 1, . . . , m, k = 0, . . . , n, such that 

m n 

^) = /o(t)+£Eif'(iog|ti) fe /aW. 

;=i fc=o 

In what follows, if f(t),g(t) G C°°(W°) satisfies /(f) - G we write 

/ =b a- 

For a complex vector bundle F over a complex manifold, Cj(F), Td(F), and 
ch(F) denote the i-th Chern class, the Todd genus, and the Chern character of F, 
respectively. 

We can state the main result of this article, which generalizes [3, §5] and [16]: 
Theorem 1.1. The following identity holds: 

*MU>- (X na _ i(jf/ -{Td (! /)^},.cKo).o 6 |«P. 

By Theorem 1.1, j| • ||q a ^ extends to a singular Hermitian metric on A(£). Let 
7r* denote the integration along the fibers of it. As a consequence of Theorem 1.1 
and the curvature formula for Quillen metrics [5] , we get the following: 

Corollary 1.2. The (1, l)-form ir*(Td(TX/S,g x /s) ch(£, /i ? )) (M) lies in Lf oc (5) 
/or some p > 1, and the curvature current of (A(£), || • ||q,a(£)) « s flwen fry ifte 
following formula on U: 

ci(A(0,|| • ||q,a(o) =^(Td(TA/5, 5x/s )ch(e,^)) (1 ' 1) 

"(7 ^{Td(C/)^§^U*ch(oVo, 

\Ji3ng-i(Xo) I C l(^J J / 

where So denotes the Dirac S-current supported at 0. 

The proof of Theorem 1.1 is quite similar to that of Bismut in [3, §5], and we 
just follow his argument. There are essentially no new ideas except a systematic 
use of the Gauss maps for the family n: X — > S; in fact, the Gauss maps were 
already used by Bismut in [3] . 

The existence of an asymptotic expansion of the Quillen norm log ||cr||g was 
first shown by Bismut-Bost[4, Sect. 13. (b)] when tt: X — > S is a family of curves 
and by the author [16] when is isolated. In [9], Theorem 1.1 shall play an crucial 
role in the study of analytic torsion of Calabi-Yau threefolds. 

Let sa be a section of 0s(A) defining the reduced divisor A. Let || • || be a C°° 
Hermitian metric on 05(A). By Theorem 1.1, 

l°g|K*)llo,A(0 - (/ ( Td ^) 9*ch(£) j logllsAWf 

\JEnq-i(x Q ) I ci(.tf) J y 

has a finite limit as t — > 0. In Section 6, we shall compute this limit in terms of 
various secondary objects, which extends some results in [3, §5]. 
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This article is organized as follows. In Sections 2 and 3, we explain the Gauss 
maps associated to the family tt : X — > S and their resolutions. In Sections 5 and 
6, we prove the main theorem. In Sections 7 and 8, we verify the compatibility of 
Theorem 1.1 with the corresponding earlier results of Bismut [3] and the author 
[16]. In Sections 4 and 9, we prove some technical results. The problem treated in 
Section 9 seems to be related with the regularity problem of the star products of 
Green currents [8]. 

For a complex manifold, we set d c = -^(d — d). Hence dd c — -^dd. We keep 
the notation in Sect. 1 throughout this article. 

2. The Gauss maps 

Let ft x be the holomorphic cotangent bundle of X. Let 77: P(£l x (&ir*TS) — > X 
be the projective-space bundle associated with $l x <g> ir*TS. Since dim S = 1, we 
have W(Q X <g> tt*TS) = F(Sl x ). Let 77 v : P(TX) V -> X be the dual projective-space 
bundle of P(TX), whose fiber ¥(T X X) V is the set of hyperplanes of T X X passing 
through the zero vector of T X X. We have the canonical isomorphisms 

P(Q^ <g> tt*TS) = P(fix) - V(TX) V . 

Let a; e X \ E w . Let t be a holomorphic local coordinate of 5 near 7r(x) e 5. We 
define the Gauss maps v: X \ -> P(0^ <g> tt*TS) and /x: X \ -» P(TX) V by 



i/(a;) := [d^ 



E9(t o 7r) . . , d 
Under the canonical isomorphism V{fl x <8> ir*TS) = V(TX) V , one has 

v = /J. 

Let 

£ := Op ( n^*T5)(-l) C /T(Q^ ® ^*TS) 

be the tautological line bundle over V(0, x <g> n*TS), and set 

Q := n*{9} x ®n*TS)/L. 

We have the exact sequence of holomorphic vector bundles on F(Q X ® n*TS): 

5:0 — ► L — ► ® — > Q — ► 0. 

Let H = Op(t x ) v (1), and let U be the universal hyperplane bundle of (7T V )*TX. 
Then the dual of iS is given by 

S v : — >U — ► (1J V )*TX — > H — > 0. 

Since T^X,,.^) = {v e T X X; dn x (v) = 0}, we have on I \ S T 

TX/S = n*U. 

Let gj/ be the Hermitian metric on {/ induced from (II v )*g x , and let gn be the 
Hermitian metric on H induced from (II v )*g x by the C°° -isomorphism 77 = U . 
On X \ S„. , we have 

(TX/S,g x/s )=fi*(U, gu ). 
Let (75 be a Hermitian metric on S. Let g^ be the Hermitian metric on fl x 
induced from g x . Let g^ be the Hermitian metric on L induced from the metric 
n*{gn x x ® 7r *5s) by the inclusion L C n*(tt x ® n*TS). Let #q be the Hermitian 
metric on Q induced from II*(g n i <g> 7r*<j,s) by the C°°-isomorphism Q = L^. 
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Let c\(L,gL) be the Chern form of (L,(/l). Since dir is a nowhere vanishing 
holomorphic section of v*L\x\z„, we get the following equation on I \ S, 

-dd c log||c?7r|| 2 = v*a{L,g L ). 
3. Resolution of the Gauss maps 

Since is a proper analytic subset of X, the maps v. X \ — ► P(fi^- ® ir*TS) 
and /i: X \ -> P(T1) V extend to mcromorphic maps X P(fiL_ ® 7r*TS) 
and fi: X — » P(TX) V by [13, Th. 4.5.3]. By Hironaka, there exists a compact 
Kahlcr manifold X, a normal crossing divisor E C X, a birational holomorphic map 
q: X -> X, and holomorphic maps X -> P(ft^ ® tt*T5) and ju: X -> P(TX) V 
satisfying the following conditions: 

(i) 9|jf\ 9 _i/ s \ : X \ <7 _1 (S 7r ) — > X \ E w is an isomorphism; 

(ii) r'W^S; 

(iii) (7T o <7) _1 (6) is a normal crossing divisor of X for all b G A; 

(iv) v = v o q and ~\i = [i o q on X\E. 

Then £ = ji under the canonical isomorphism W(Q X <g> n*TS) = P(TX) V . We set 

7r := 7r o q 

and X s := n^ 1 (s) for s G 5. Similarly, we set := E n X;, for G A. Sinec 
£ = g -1 ^) C 7r _1 (A), we have E = U beA E b . 

Let Xs x be the ideal sheaf of £„•. For every p e E„ the sheaf 2^ has the 
following expression on a neighborhood of p: 

Define the ideal sheaf Ie of E 1 as 

Ie = q^ 1 !^- 

Denote by 6e the (1, l)-current on X defined as the integration over E, i.e., 

8e{iP) '■= Je^Ie f° r au n)-form on X. Since z7*L = q*u*L, q*dir extends 

to a holomorphic section of v*L with zero divisor E by the definition of the ideal 
sheaf Ie- By the Poincare-Lelong formula, the following identity of currents on X 
holds 

-dd c (q* log ||d7r|| 2 ) = v* Cl {L,g L ) - S E . 
4. Regularity of the direct image of differential forms 

Recall that {U, t) is a coordinate neighborhood of 5* centered at the critical value 
G A. Set D := {(s, t) G S x U; s = t}. Then D is a divisor of S x U. Let [D] 
be the line bundle onSxM defined by the divisor D. Let be a section of [D] 
with zero divisor D. Let B C S be a finite subset with G -B. By shrinking U if 
necessary, we may assume that UC\B = {0}. Let || • \\d be a C°° Hermitian metric 
on [D] such that 

(4.1) \\s D (b,t)\\ D = l, V(M)£(B\{0})xW. 

We set s t := s_D| 5>< { t } and || • || t := || • ||r>|sx{t} for tell. Then div(s t ) = {t} and 
||s t || t 2 G C x (SxU). 

Let V be a compact connected complex manifold with dimV = n + 1. Let 
/: V — > 5 be a proper surjective holomorphic map. We set V t := / _1 (i) for t £ S. 
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Let F :— (F, || • \\p) be a holomorphic Hermitian line bundle on V, and let a be 
a holomorphic section of F with 



div(cn) C V b . 



beB 



Denote by /* the integration along the fibers of /. In Section 4, we assume that 
ip is a enclosed and 9-closed C°° (n, n)-form on V. 

Lemma 4.1. There exists a Horder continuous junction r\ onU such that 



(L 



/.{(log|MlS-M (0,0) - ( / <p\ log ||so|[g = 77- 

/div(a)nV / 



Proof. Since log||a|||.y> is a locally integrable differential form on V, we have 
/»{ (log ||a|| 2 ) ^}(°^°) £ Ll oc (S) n C 00 ^ ). Since dd c commutes with /, and since <p 
is d and enclosed, we get the following equation of currents on U: 

(4.2) 

dd c U{{\og\\a\\ 2 F )<p} { °' 0) = [f*{dd°((log A 

= -lf*{(ci(F)-S div{a) )Av}} {1 ' 1) 



j f) 6 -[Mci(F)A<p}] ll ' v 

, Jdiv(a)nVo I 



By Lemma 9.2 below, there exists tp £ B(U) such that 

[Mci(F) A V }]^(t) = m ^j^, V(0) = 0. 

Since ^(0) = 0, there exists v £ Qn(0,l] such that ^(t) £ ^ fe <„ \t\ 2l/ (log \t\) k -B(U). 
Hence \t\~ 2 ip(t) £ L^ oc (U) for some p > 1. By the ellipticity of the Laplacian and 
the Sobolev embedding theorem, there exists a Holder continuous function x on W 
satisfying the following equation of currents on U 

[/.{cifFjAp}]* 1 ' 1 ) =dd c X - 

This, together with (4.2) and the equation of currents dd c log \t\ 2 = So on U, implies 
the assertion, because log | j s 1 1 — 1°£ Kl 2 e C°°(U). □ 

Lemma 4.2. The following identity holds for all t £U°: 

j (log|M|!>= ( f tp) log||s t (0)|| 2 - / (/*log||s t || 2 ) Cl (F)A^ 

JVt \JdW(a)nV a J JV 

2 



(iogiHi^r Cl ai],ii-iit)A^ 

Proof. Since Vt H div(a) = for t £ 14°, Vt meets div(a) properly. Since (p is 
d and <9-closed, we deduce from [11, Th. 2.2.2] the following identity by setting 
X = W = V,Y = V t ,Z = div(a), and g Y = -f* log ||s t || t 2 , g z = - log ||a||| in [11, 
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Sect. 2.2.2]: 
(4.3) 



/ (log|H| 2 F )^ = W / v) log||s t (&)|| 2 - / (riog||s t || t 2 ) Cl (F)A^ 

JV t bGB \Jdiv(a)nV b J JV 

f (io g ||a||2)r Cl ([t],ii • iu) a<^, 

JV 



+ 

'V 



where we used the assumption div(a) C J2beB (^ ee a ^ so [15, p.59, 1.3-1.7].) Since 
\\s t (b)\\t = 1 for (6, t)e(B\ {0}) xUby (4.1), the result follows from (4.3). □ 

Lemma 4.3. The following identity holds 

limj/ (log|H| 2 F )^-( / <p) log||s (t)|| 2 ) = 

/ (log|H| F )/* Cl ([0],|H| )A^- / (.riog||s || 2 ) Cl (F)A^. 
Jv JV 

Proof. By Lemma 4.2, we have 

(4.4) 

(log|H| F )^= ( / A log||s (t)|| 2 - / (riog||s t || 2 ) Cl (F)A^ 

V t \Jdiv{a)nV I JV 



2 



+ / {\og\\ a t F )t Cl {[tU-\\ t )Ay+[ / <p) log^S 

JV \Jdiv(a)nV / H s oWllo 

Since lim s ^ log(||s t (0)|| 2 /||s (t)||o) = 0, the assertion follows from (4.4). □ 

Lemma 4.4. The following identity of functions on U° hold: 

/.{(log IMII) V} (m ^B If H log||s || 2 . 

yJdiv(a)ny / 

Proof. For t G U°, set 

h(t):= I (.riog||s t || 2 ) Cl (F)^, h{t):= [ (log |M| 2 F ) /*<*([*], || • || t ) V . 
Jv Jv 

By (4.4), it suffices to prove that h e and 7 2 G 

Let {(Wa, ^a)}agA be a system of local coordinates on V. Since V is compact, we 

may assume #A < +oo. For every A G A, there exist F A G O(VFa), Ga G 0(Wa), 

A a G C°°(Wa), and B A G C°°(W X x W) such that 

w* log ||s t || 2 |^ A (z A ) - log \F x (zx) - t\ 2 + B x {z x , t), 
\og\\a\\ 2 F \ Wx {z x ) = log\Gx(z x )\ 2 + A x (z x ). 
Let {q x } X £A be a partition of unity of V subject to the covering {W x } Xe A- We 
set xx ■= Q\ c i(F) V- Then 
(4.5) 

7 i(*) = E/ ^g\F x (z x )-t\ 2 - Xx (z x ) + J2 [ B x (z x ,t) X x(zx). 

Since the first term of the right hand side of (4.5) lies in B{U) by Theorem 9.1 
below, we get h G B(U). 
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We set Ox ■= Q\H*ci{[t], \\ ■ \\ t ) ip. Then 6x{zx,t) is a C°° (n + 1, n + l)-form on 
Wa x W. Since 

Ht) = Y / f log|G A (z A )| 2 -0 A (z A ,t) + E / A A (z A )tf A (z A ,i), 

we get I2 <E C°°(U). This completes the proof. □ 
Corollary 4.5. The following identity holds 



JimjjC g*(log||rf7r|| 2 )^- ^ ^ log|| So (i)|| 2 | = 



(g* log llckf) 7r*ci([0], || • ||o) A p - / (tt* log ||s || 2 ) u* Cl (L,g L ) A p. 
x Jx 

Proof. Setting V = X, f = n, F = v*(L, gi) and a = q*(dn) in Lemma 4.3, we get 
the result. □ 

Corollary 4.6. The following identity of functions on U° hold: 

^(logHdTTll 2 )^ ' ) =Q Qf ^ log||so|| 2 . 

Proof. Setting V = X, f = w, F = v*(L, gif) and a = q*(dn) in Lemma 4.4, we get 
the result. □ 

5. Behavior of the Quillen norm of the Knudsen-Mumford section 

Let r C X x S be the graph of ir, which is a smooth divisor on X x S. Let [r] 
be the holomorphic line bundle on X x S associated to T. Let sp <G H°(X x S, [r]) 
be the canonical section of [T], so that div(sr) = T. We identify X with L. 

Let i: T^IxSbe the inclusion. Let p^IxS^I and p 2 : X x S — > 5 1 be 
the projections. On J x S, we have the exact sequence of coherent sheaves, 

(5.1) 

Let A(pf £), A([r] _1 (g)p^), A(£) be the determinants of the direct images R{p2)*Pi^, 
R(P2)*([T}~ 1 ®p*£), Rn*£, respectively. By definition [5], [12], [15], 

A(0 = (g)(deti?%^) ( " 1)< '- 

q >a 

Under the isomorphism Pi£\r — £ induced from the identification p\ : T —* X, the 
holomorphic line bundle on 5 

A := A ([IT 1 ® p^) ® A(pIO _1 ® A(0 

carries the canonical nowhere vanishing holomorphic section ctrtm by [7], [12]. 

Let V C W be a relatively compact neighborhood of G A, and set V° := V\ {0}. 
On 7r _1 (W), we identify 7r (resp. d7r) with £077 (resp. d(toTr)). Hence 7r e C(7t _1 (W)) 
and dn € iJ°(7r _1 (W), fl-) in what follows. 

Let fyp] be a C°° Hermitian metric on [r] with 

(5.2) 

/ |7rH-i| 2 if ( W ,i)G7r- 1 (V)x V, 

V](*r,*r)(<M) = x . f Me(XU - 1(w))xV . 
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Let fyr]- 1 be the metric on [r] 1 induced from ftp]- 

Let || • ||q,a(C) be the Quillcn metric on A(£) with respect to gx/s> Let 
II ' llQ,A([r]-i®pf|) (resp. || • \\q,\(p1£)) be the Quillcn metric on A([r] _1 ®p*£) (resp. 
A(p*£)) with respect to gx, fyr]- 1 ® /i£ (resp. gx, Let || • 1 1 q,a be the Quillcn 
metric on A defined as the tensor product of those on A([r] _1 <8)p*£), A(pf£) -1 , 

For a complex manifold Y, A p ' q (Y) denotes the vector space of C°° (p, <7)-forms 
on Y. We set A(Y) := p > o A™(y)flmd + Imd. 

For a Hermitian vector bundle (F, hp) over Y, Ci(F, Hf), Td(F, hp), ch(F, hp) S 
©p>o A P ' P (Y) denote the z-th Chcrn form, the Todd form, and the Chern character 
form of (F, hp) with respect to the holomorphic Hermitian connection, respectively. 
Let R(F) denote the R-gcnus of Gillet-Soule [7, (0.4)], [15, p. 160]. 

Theorem 5.1. The following identity of functions onU° holds 

l0g||^M|| 2 Q, A = B f^j E F |Td(t/) Td c ( ^ 1 } «*ch(0) l0g|t| 2 . 

Proof. Wc follow Bismut [3, Sect. 5]. (See also [17, Th.6.3].) 

(Step 1) Let [Xt] be the holomorphic line bundle on X associated to the divisor X t . 
Then [X t ] = [T]\x t - We define the canonical section s t of [X t ] by s t := sr|xx{t} € 
H°(X,[X t ]). Then div(s t ) = X t . Let i t : X t ^ X be the embedding, and set 
£t : = £|x t - By (5.1), we get the exact sequence of coherent sheaves on X, 

(5.3) — OxdXt}- 1 ® ^> Ojc(0 — (H).Ox t (0 — 0. 

Let A([X t ]~ 1 <g> £) and A(£ t ) be the determinants of the cohomology groups of 
[Xt]- 1 <g> £ and respectively. Then A t = A([X t ]- 1 <g> £) <g> A(^)" 1 <g> A(&). 

Set /i[x t ] = ft[r]|xx{t} f° r t € V. Then /ip^j is a Hermitian metric on [X t ]. Let 
h^ Xt ] be the Hermitian metric on [X t ] _1 induced from h[x t y 

Let N t — N Xt /x (resp. iV t * = N Xt j x ) be the normal (resp. conormal) bundle 
of X t mX. Then d7r|x t e H a (X t ,N*) generates N? for ieW°. Let h N ; be the 
Hermitian metric on iV t * defined by 

(5.4) Ziiv t *(d7r|x t ,d7r|x t ) = 1- 

Let /ijv t be the Hermitian metric on N t induced from h^*. Then we have the 
identity a(N t , h Nt ) = for t e V°. 
For (w,i) e tt" 1 ^) x set 

~ / .n s r (w,t) 
sr(w,t) = —— — -. 

TT(W) — t 

Since w(w) — t is a holomorphic function on -k~ x {U) x W with divisor T, 3r is a 
nowhere vanishing holomorphic section of [r]| 7r -i( W ) xW . Set sx t = sr\x t x{t} € 
i/°(X t ,[X t ]| x J and 

dfl t |jc ( := dn®s Xt € H°(X t ,N t * ® [X t ]|jc t ). 

By (5.2), (5.4), the isomorphism 

®ds t \x t ■ [XtY 1 ® £\x t 3 v -» dfl t |x t («) G JV t * ® 6 
gives an isometry of holomorphic Hermitian vector bundles 
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for all t € V°. Hence the metrics /ip^]- 1 ® ^£ and /ij verify assumption (A) of 
Bismut [2, Def.1.5] with respect to /ijv t and h^\ Xt . 

(Step 2) Associated to the exact sequence of holomorphic vector bundles on X t , 

£t ■ — ► TX t — > TA| Xt — ► iV t — ► 0, 

one can define the Bott-Chcrn class Td(£ t ; g Xt , gx, /ijv t ) € ^4(A t ) by [5, I, f)], [10, 
I, Sect. 1], [15, Chap. IV, Sect. 3] such that 

dd c fd(£ t ; g Xt ,g x ,h Nt )= Td(TX t , g Xt ) Td(A t , h Nt ) - Td(TA, g x )\ Xt . 

Notice that our Td(£ t ] g Xt ,g x ,h Xt ) and Bismut-Lebeau's Td(TX t ,TX\ Xt , h Xt ) 
are related as follows: 

Td{£ t ; gx t ,gx,h Nt ) = -Td(TX t ,TX\ Xt ,h Nt ). 

Let Z be a general fiber of 7r : X — > S 1 . By applying the embedding formula of 
Bismut-Lebeau [7, Th. 0.1] (see also [3, Th. 5.6]) to the embedding i t : X t X and 
to the exact sequence (5.3), we get for all t G V°: 

(5.5) 

i ii c+mi2 /* Td(TX,3x)ch(^,/i|) 

Td(£ t ; g Xt ,g x ,h m )ch(£,h 6 ) 



I 

L 



Xt Td(N u h Nt ) 
Td(TX) R(TX) ch(£) + / Td(TZ) R{TZ) ch(£|z) 



Here we used the explicit formula for the Bott-Chcrn current [6, Rem. 3.5, especially 
(3.23), Th. 3.15, Th. 3.17] to get the first term of the right hand side of (5.5). Notice 
that the dual of our A(£) was defined as A(£) in [7]. 

By Theorem 9.1 below, the first term of the right hand side of (5.5) lies in BiU). 
Substituting a(N t ,h Xt ) = into (5.5), we get 

(5.6) log || GKMit) || 2 QX = B / -Td(£ t ; g Xt ,g x ,h Nt )ch(£,h £ ). 

Jx t 

(Step 3) Let g Xt be the Hermitian metric on N t induced from g x by the C°° 
isomorphism N t = (TXt)^. Let Td(N t ; h Ntl g Nt ) e A(X t ) be the Bott-Chern class 
[5, I, e)], [10, Sect. 1.2.4], [15, Chap.IV, Sect. 3] such that 

dd c fd(N t ;h Nt ,g Nt ) = Td{N t ,h Nt )-Td{N t ,g Nt ). 
By [10, I, Prop. 1.3.2 and Prop. 1.3.4] (see also Lemma 5.3 below), 
(5.7^ 

Td(£ t ; g Xt ,g x ,h Nt ) = Td (£ t ; g Xt ,g x ,g Nt ) + Td(TX t , g Xt ) Td(N t ; h Nt , g Nt ) . 

Since ci{N tl h Xt ) = and g^ t = 1 1 cZtt 1 1 2 /t, jv t , we deduce from [10, I, Prop. 1.3.1 
and (1.2.5.1)] the identity 

1 - Xd(drf c log H ^ttH 2 ) ,_ iu _ i|2 
dd c log\\dn\\ 



Td {Nt ; hNt , 9Nt) = -:2z^jr J **\\m 



( ' 18 ' n-Td(- Cl (L, 9L )) \ 

-d(L,g L ) J 



l0g||d7T| 



x t 
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Substituting (5.8) and (TX t ,gx t ) = ^*{U,gu)\x t into (5.7), we get 

(5 - 9 L 

Td(£t; gx t ,gx,h Nt ) = 



Td(f t ; gx t ,gx,9N t ) + n*Td(U, g v ) v* 



1 -Td(-ci(L, gL )) 
-d(L,g L ) 



log\\dn\\< 



X, 



Since 



£t = ii*S y \ Xt , gx t = fJ<*gu\x t , g x = ^*(n v )*g x \x t , gN t =H*gti\x t , 
we deduce from [10, I, Th. 1.2.2 (ii)] that 

(5.10) Td(£ t ; gx t ,gx,g Nt ) = M*Td(S v ; 9u , {11^)* gx,g H )\x t - 

Comparing (5.9) and (5.10), we get 

(5.11) 

Td(£ t ; gx t ,gx,h Nt ) = fi*Td(S v ; gu,{n v Tgx,g H )\x t 



^Td{U, gu )v* 



l-Td(-ci(L, 5L )) 



-d(L,g L ) 



l0g||d7T|| 2 |x t . 



Substituting (5.11) into (5.6), we get 
(5.12) 

'|Q,A 

>fd(5 v ; ff[ /,(77 v )* ffx , ffH )ch(£,^) 
■l-Td(-ci(L, fli )) 



log||crxM| |2 



= Z3 —71"* 



— 7T* 

=B — 1". 
+ 7T» 



,u*Td(?7, gu) v* 



-d(L,g L ) 



/TTd(.S v ; (n v y gx , g H ) ?*ch(£, ^) 
/TTd(*7, 5c/ )? 



(0,0) 

ch(£A) log II^ttII 2 

(0,0) 



i (o,o) 



f Td(- Cl (£, gL ))-l 
I ~ci(L,g L ) 



1 (0,0) 



<fch(£,^)(g* log||d7r|| 2 ) 



Recall that for a C°° differential form ip on X, one has 7r*(<£)(°'°) g B(W) by 
Barlet [1, Th.4bis]. Since g*ch(£, h() and 

rTd{S y ; gu ,{IlVygx,gH), J?Td(U, gu ), T (^t^l^Azl ) 

are C°° differential forms on X, we deduce from (5.12), [1, Th. 4bis], and Corollary 
4.6 that 

(5.13) 



^g\\a KM \\ 2 Q,x=B ( y j E F^d(U) 



Td(H) - 1 
ci(H) 



g*ch(0 log|t| 2 . 



Here we used the identity a(H) = -ci(L) + (i7 v )*7r*ci(S) in iJ 2 (P(TX) v , Z) and 
the triviality of the line bundle ^*(7T v )*7r*(T5)|~_ 1(w) to get (5.13). This completes 
the proof of Theorem 5.1. □ 
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For simplicity, we set L := (L,g L ), U := (U,gu), £ := (£, h^) in what follows. 
Let Td(<S v ; gu, (II v )*g x , gu) be the Bott-Chern secondary class associated with 
the Todd genus and the exact sequence of holomorphic vector bundles 

5 V : -» U -» (n v )*TX -» £T -» 

equipped with the Hermitian metrics g^, (n v )*g x , gn, such that 

dd c Td(S v ; 3c/ ,(i7 v )* 3x ,.g ff ) = Td(*7, 5c/ ) Td(tf, <?h) - (77 v )*Td(TX, 5x ). 
Recall that Z is a general fiber of n : X — > 5. 
Theorem 5.2. TTie following identity holds 



lim 

t->o 



log|kKM(t)!| 2 Q , A - Qf M* |Td(C7) Td ^ } - } g*ch(0) log ||s (*)||g 

Ja-x{o} id ([lJ,/i[r]j 

- / M*Td(^ v ;^,(^ v )*5x,5/f)g*ch(0 

+ /jgMoglldTrll^Tr'daOl.H-Ho) 
Jx 

-- JjK*\og\\ So \\t)v* Cl (L) /TTd(tr)g*{ Td( ~^ ) ~ 1 } <Z*ch(C) 

- / Td(TX) R(TX) ch(0 + / Td(TZ)R(TZ)ch(£| z ). 
Proof. Define topological constants Co and Ci by 

Ci:=- / Td(TX) R(TX) ch(0 + / Td(TZ) R(TZ) ch(£| z ). 

Substituting (5.11) and c\(N u h Xt ) = into (5.5), we get for t £W° 
(5.14) 

l0g||™(t)|fc, A = - / Td Sf, )C f ) l0g|| Sr ||Vx W 

ixx{t} r d([lJ,/i[r]) 

M *Td(S v ; (n v )*g x ,g H )\ Xt ch(£) 



- / M*Td(Z7) ( 1 = Td (;;;( £ )) j ch © log ||d7rf + Ci 

/■ Td(TX,g x )ch© 1 2 
= -/ mi 7 rpi 7 ; log «r lxx{t} 

- / ^Td(5 v ;.9c/,(i7 v )*.g x ,.gH)U t g*ch© 



f ji*Td(U)v 
Jx t 



fTd(-ci(L))-l 



+ /_ /x*Td(I/)g*| [> g*ch(0?*(log||d7r||^) + Ci 
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which yields that 
(5.15) 

log || a KM {t) || 2 Q< x - Co log ||s (*)||o = 
Td(TX,g x )ch(0 



-I 

JXx{t} 



Td([r],V]) 



log ||s r | 



M*Td(5 v ; 5l/ ,(i7 v )*5x,5H)<Z*ch(0 



x, 



+ Ci. 



-ci(i) 



9*ch(0 



q*(\og\\dTT\\ 2 ) - Co \og\\s (t)\\l 



By Corollary 4.5, 
(5.16) 



x, 



I -ci(L) 



<Z*ch(£) 



g*(log||^|| 2 )-C log||soW||2 



I -ci(L) 



(g* log IMttH 2 ) 5f* Cl ([0], || - ||o) 

- /_(riog||so|i2)ir Cl (Z) r 

JX LI 
From (5.15) and (5.16), we get 
(5.17) 

Iim[log||^M(t)||^,A-CoIog||so(t)||§] = 

~L {0} Td([r], V] ) log||sr " Ux{0} 

- / rTd(S v ;g U} (n v rg x ,g H )q*ch(0 

JXn 



I -ci(L) 



«*ch(0 



+ 0(1). 



( g *log||d7r|| 2 )F Cl ([0],||.||o) 



A" 



7TTd(£/) z7* 



Td(-ci(L)) - 1 



-ci(L) 



9*ch(0 



Jx 



lo S ll s o|| ) ^*ci(i) 



-ci(L) 



g*ch(0 



+ Ci. 



This completes the proof of Theorem 5.2. 



□ 



Lemma 5.3. Let £: — ► £" — ► £7 — ► _E" — > fee an exact sequence of 
holomorphic vector bundles over a complex manifold Y . Let ti and h be Hermitian 
metrics on E' and E, respectively. Let h" and g" be Hermitian metrics on E" . 
Then 

fd{£; h',h,h") - fd(£ ; ti,h,g") = Td(E',h')Td(E"; h",g"). 

Proof. Setting li = (£,h',h,h"), L 2 = {£,h',h,g"), L 3 = in [10, I, Prop. 1.3.4], 
we get 

Td(£; ti, h, h") - Td(£; h',h,g") = fd(E'®E"; ti @ h" ,ti g"). 

Since Td(£'ffi£"; h'®h", ti®g") = Td(E> \ ti) Td(£"; ti',g") by [10, 1, Prop. 1.3.2], 
we get the result. □ 
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6. The divergent term and the constant term 

Let a be a nowhere vanishing holomorphic section of A([r] _1 CSp^) -1 <g> A(p^) 
defined on U. 

Theorem 6.1. Let a be a nowhere vanishing holomorphic section of A(£) defined 
on U. Then 

log \\af QMi) ^ B (^J JT \T&{U) Td c ( i ^~ 1 } «*ch(0) log |i| 2 . 

Proof. There exists a nowhere vanishing holomorphic function f(t) on U such that 

a(t) = f(t) a KM {t)®a(t). 

Since log|/(t)| 2 and log IMI^Aari-i^p*?)- 1 ®*^?) are CM functions on we de- 
duce from Theorem 5.1 that 

Iog|k(*)llQ,A(0 =1 °gl/(*)! 2 + lo gll cr ^MWIlQ,A + log||a(*)llQ,A([r]-i»p* 4 )-i®A( P j 5 ) 



This completes the proof of Theorem 6.1. □ 
Theorem 6.2. The following identity holds: 



lim 

t->o 



= log 



log ||^™ ® «||^ >A(0 (t) - ^jT ^*{ T ^)^^} g*ch(o)log||so(t)||g 



f JS*Td(S v : gu , (n v )*g x ,g H )q*ch(Z) 

Jx 



+ jjq*log\\dn\\ 2 )n*c 1 ([0},\\-\\ ) Ji*Td(U) v* | Td( 1 1 g*ch(fl 

- / (TT-iogHsoiig) fc!(Z) fyTd(tr)y( Td( ~ Cl( ^ ) ~ 

ix L I ~ c i( L ) 

- [ Td(TX) R(TX) ch(£) + / Td(TZ) R(TZ) ch(£|z). 



IX 

Proof. Since 

log \\<tkm ® «IIq,a( $ ) = log \Wkm\\q, x + log l|a||Q,A([r]-i®pJi)-i®A(p^)' 
the result follows from Theorem 5.2. □ 

7. Critical points defined by a quadric polynomial of rank 2 

In this section, we assume that for every x G n Xo, there exists a system of 
coordinates (zq, . . . , z„) centered at x such that 

7r(z) = Z Z\. 

Hence C I is a complex submanifold of codimension 2 defined locally by the 
equation z = Z\ = 0. Let N^/x be the normal bundle of T, n in X. In [3, Def. 5.1, 
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Prop. 5.2], Bismut introduced the additive genus E(-) associated with the generating 
function 

E(x) := - d(x) Td( ~ x) ^ Td_1 {X) ~ 1 Td_1 (- X ) - 1 



2x \ x —x 

where Td^fV) := (1 - e~ x )/x. 

The following result was proved by Bismut [3, Th. 5.9]. 

Theorem 7.1. The following equation of functions on U° holds: 

l°glK*)ll 2 A(|),Q =b\(I -Td(TS w )E(^ /x )ch(0) log|t| 2 . 

Remark 7.2. As mentioned before, the dual of our A(£) was defined as A(£) in [3, 
Th. 5.9], which explains the difference of the sign of the coefficient of log|i| 2 in 
Theorem 7.1 with that of [3, Th. 5.9]. 

Proof. Let q : X — > X be the blowing-up along S T with exceptional divisor 

E = V(N^ /X ). 

Then v = v o q extends to a holomorphic map from X to W(fl x ). 

Since the Hessian of ir is a non-degenerate symmetric bilinear form on N-^^/x > we 
have N Ejr/x = N ^/ x - Under the identification P(iV Ejr/x ) = F ( N ^/ X ) induced 
from the Hessian of w, v is identified with the natural inclusion P(-/V E , x ) 
P(fT^| s J, which yields that 

(7.1) V*L\ E = O r{N ^ /x) {-l), J1*H\e = O v{n ^ /x) {1). 

SetF:=0 P(JVswx) (l). 

By the exact sequence <S V , we get 

Since i7 v ojl = q, we deduce from the exact sequence of vector bundles on 
— TS, — TX| S , — 7V Et/x — » 

the identity 

(7.3) £*Td((77 v )*TX)| B = q* {Td(TE^) Td(iV^ /x )} . 

Substituting (7.3) into (7.2), we get 

(7.4) 

-TWm, g*{ Td ( r ^) T d(^/x)} g *{Td(T^)Td(jV^ /x )} 
M Td(C/)|£ - M*Td(J?)| £ Td(F) ' 

where we used (7.1) to get the second equality. 
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Let p* be the integration along the fibers of the projection p: P(-/V Sjr /x) — ► Stt- 
Since q\s — p, wc deduce from (7.1), (7.4) and the projection formula that 



(7.5) 



1 Td(F) - 1 



' Enx a I 

= X„„x„ Td(TS - )Td<ArS -" )d, « )P -lTd m _ C,(F) 
= / Td(TS„) Td(JV £ , /x ) ch({)y, ( ' " ™ ' (F) | . 

Since N^^/x — ^s„/x> we have 

ci(iVivx) = 0, 

which, together with rk(7V S7r /x) = 2, yields that 

= d(F) 2 -p* Cl (iV Sx/x ) Cl (F) + p*c 2 (iVj WJf ) = Cl (F) 2 +p*c 2 (N^ /x ). 
Since p*a(F) — 1, this implies that for m > 



(7.6) pM^Y 



{-lf C2 {N^ /x ) k (m = 2fc + l) 
(m = 2k). 



For a formal power series /(a;) = Sjlo °i ^ e ^II 2 -]]' sct 

/-(»):= /(a) ^ /( ~ a) eC[M]. 

By (7.6), we get 

P./MF)) =^a 2fe+1 ^ Cl (F) 2fe+1 =^(-l) fe a 2fc+ ic 2 (iV Sx / X ) fe . 
fc fe 

Let f-(N^/x) be the additive genus associated with /_(x) G C[[x]]. Let xi, x 2 
be the Chern roots of N^/x- Since ci(7V S7r /x) = Xi + x 2 = 0, we get 

t (N \ , /(^)-/(-x 2 ) 

OO 

= ^a 2k +i {xf+xf) 

k=0 

oo 

= 2^a 2fc+1 (-x 1 x 2 ) fc 

k=0 

oo 

= 2^(-l) fe a 2fc+1 c 2 (iV Sx/x ) fe = 2^/( Cl (F)). 



k=0 
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Setting f(x) = (Td 1 (x) - l)/x, we get 



(7.7) 

E(N^ /X ) = T d ( Xl )T d ( X2 ) [ f{Xl) -l { - Xl) + f(X2) 2x f 2 hX2) } 



2Td(N^ /x )pJ( Cl (F)) 

'1 - TcT 1 ^) 



= -2Td(N^ /x )p* 



By comparing (7.5) and (7.7), the desired formula follows from Theorem 6.1. □ 

8. Isolated critical points 

In this section, we assume that Sing(Jfo) = T, v n Xo consists of isolated points. 
Since £„. is discrete, we may identify F(0, x ) and P(TX) with the trivial projective- 
space bundle on a neighborhood of n X by fixing a system of coordinates near 
S„- n Xq. Under this trivialization, we consider the Gauss maps v and fi only on 
a small neighborhood of E„. n X . Then we have the following expression on a 
neighborhood of each p e S,nlo: 

*>-*>-(£<"=- : £m 

For a formal power series f(x) £ C[[x]], let f(x)\ x ™ denote the coefficient of x m . 
Let ij,(tt,p) £ N be the Milnor number of the isolated critical point p of ir. The 
following result was proved by the author [16, Main Th.]. 

Theorem 8.1. The following identity of functions onU° holds: 

Iog|H|^ )i0 = B ^^yrk(0[ £ M (t,p)J log|t| 2 - 



>peSing(X ) 



Proof. In Theorem 6.1, we can identify U (resp. L) with the universal hyperplanc 
bundle (resp. tautological line bundle) on P™. Then H = L~ x . Set x := c\{H). 
Hence J pn x n = 1. From the exact sequence — > [/ — > C" +1 — > i? — > 0, we get 

Td(t/) = Td _1 (a;) = 1-6 X . 



By substituting this and the equation (7*ch(£)| Sn ~ = rk(£) into the formula of 
Theorem 6.1, we get 

1 Td(x) - 1 



(8.1) T r d{x) 

c 1 1 - e"* 



a; 



■rk(0 / M*ci(ff) r 
rk(0 / fL* Cl (HT 

J En 



(n + 2)!" w y £o 



k(0 / /Tc^tf)". 

J En 
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Since 

7T, {/T(- Cl (L, q*(\og \\dn\\ 2 )} = jr. {<Z*(log Hdrrll 2 ) (dd c log ||rf7r|| 2 )"} 

= ^ M Kp)log|t| 2 + 0(l) 

peSing(X ) 



by [16, Th.4.1], we get 




by Corollary 4.6. The result follows from Theorem 6.1 and (8.1), (8.2). □ 

9. Some results on asymptotic expansion 

Let Ac (resp. Cc) be the sheaf of germs of C°° (rcsp. C°) functions on C. The 
stalk of Ac (resp. Cc) at the origin is denoted by Ao (resp. Co)- We define 

n 

B :=Ao® 0|t| 2r (log|t|) fe - AC C . 

r€Qn(0,l] fc=0 

In this section, we prove the following 

Theorem 9.1. Let Q C C" be a relatively compact domain. Let F(z) be a holo- 
morphic function on [2 with critical locus T,p := {z € Q; dF(z) = 0}. Let x( z ) be 
a C°° (n,n)-form with compact support in Q. Define a germ ip e C by 

m := f \og\F(z)-t\ 2 X (z). 

//Sir C F-^O), then tp(t) e B Q . 

The continuity of similar integrals was studied by Bost-Gillet-Soule [8, Sect. 1.5] 
in relation with the regularity of the star products of Green currents. 
For the proof of Theorem 9.1, we prove some intermediary results. 

Lemma 9.2. Let $ be a C°° (n,n)-form with compact support in H. Let F*(<&) 
be the locally integrable (l,l)-/orm on C defined as the integration of $ along the 
fibers of F: Q — > C. If Hp c F _1 (0), then there exists a germ A(t) € Bq such that 

F.(*)(t)=A(t)^, A(0)=0 

near e C. 

Proof. By Hironaka, there exists a proper holomorphic modification w. ft — > J? 
such that 

(i) nj: 1? \ -n7 _1 (Si?) — > J? \ is an isomorphism; 

(ii) (F o m)~ 1 (Hp) is a normal crossing divisor of Q. 

Set F :— F o vj. For any z € .F _1 (0), there exist a system of coordinates 
(U, (u>i, . . . , w n )) and integers fci, . . . , fc; > 1, I < n, such that F(w) — u^ 1 • • • wf l . 
Define a holomorphic (n — l)-form on U by 




Wi dw\ A • • • A dwi-i A dwi+i A • • • A dw., 
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Let gu be a C°° function with compact supported in U. Since zu*Q is a C° 
(n, n)-form on Q, there exists h(w) € Cg°(U) such that 

Quzu*Q = h{w) dw\ A • • • A dw n A dwi A • • • A d«) n . 

Wc define a germ £>(t) e Co by 



B(i) := / h(w) 



t At. 



'F- 1 (t)nt/ 

Then e So by [1, p.166, Th.4bis]. Since 

we get by the projection formula 
(9.1) 

F^{gu TD*$)(t) = F*(h(w) dwi A • • • A dw n A dwi A • • • A dw n ){t) 

dt Adi ~ ,, , , , „, . dt Adi 
= ~r^- F * ( h ( w ) T A f ) = -m2~- 

For an e > small enough, set zA(e) := {t e C; |i| < e}. Since 



gu zu*$ 



F-i(4(e)) 



< CO, 



the (1, l)-form _B(t) rft Adi/|i| 2 is locally integrable near the origin. Hence 5(0) = 0. 

Let {U/3}j3 & B be a locally finite open covering of fi and let {gp}fieB be a partition 
of unity subject to {Up}p e B- By (9.1), there exists Bp(t) & Bo for each [3 € B such 
that 

F.{Q P vj*m = B^t) B/J(0) = 0. 

There exist finitely many (3 £ B with 5^ (t) 7^ by the compactness of the support 
of tu*$. Since 

0£B (t£B 



we get A(t) = J2peB B p(t) G #o and A(0) = 0. 



□ 



We regard ft as a domain in (P 1 )". Hence x is a C°° (n, n)-form on (P 1 )™. Let 
z = (zi, . . . , z n ) be the inhomogeneous coordinates of (P 1 )". For 1 < i < n, set 

\dzi A dzi 



2tt(1 + |^P)2 ■ 

Lemma 9.3. Assume that F(z) = z" 1 ■ ■ ■ z^ n , v\,...,v n >Q and set 

a := x(z)- 
Then there exists i](t) G Bo such that 

^{t) = a [ log|z 1 " 1 ---<"-i| 2 Wl A---Aa )n + 7 7 (t). 

J(pi)" 
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Proof. Let : £1), ... , (£„ : £„)) be the homogeneous coordinates of (P 1 )™ such 
that z t — Ci/Ci- F° r i € C, set 

y : = {((o : 6), • • • , (Cn ■■ u) e (p 1 )"; cr ■ • • e - * cr • • • e - o>, 

D := {((Ci : Ci), • ■ • , (Cn : Cn)) e (P 1 )"; Cr ■ ■ ■ C = 0}- 

Since 

(Q 0\ -yVn _ i _ SI ' ' ' ^n ''SI ' ' ' Sn 

z l z n L — C U! c v n i 

SI ' ' ' Sn 

we get the following equation of currents on (P 1 )™ by the Poincare-Lelong formula: 

(9.3) dd c log \z? ■••<"- t\ 2 = 5 Yt - 5 D . 

Since xi z ) is cohomologous toawiA-- -Au n , there exists a C°° (n— l,n— l)-form 
7 on (P 1 )™ by the dd c -Poincare lemma, such that 

x(z) — a oji A ■ ■ ■ A u> n = dd c ~f. 

Hence we get by (9.3) 
(9.4) 

ip(t)=a[ log\z^---z v n " -t\ 2 Lu 1 A---Auj n + ( log \z? t\ 2 dd c j 

J( V l)n J(F 1 ) n 



= af log^ 1 i|V A •••Au; n + f dd c (log \z v ^ ■ ■ ■ z^" — t\ 2 ) A 7 

= a/ log^ 1 -i| 2 wi A ••• Auj n + / 7-/7. 

■/(pi)" iy, Jb 



For f e C, set 

(9.5) r?(t) := / 7-/7- 

Define a divisor of (P 1 )™ x C by 

Y := {((Ci : Ci), ■ • • , (Cn : Cn), t) £ (P 1 )" x C; C ■ ■ ■ C " ttf 1 ' ' 'C = 0}- 
Let pr x : (P 1 )™ x C -> (P 1 )" and pr 2 : (P 1 )™ x C -> C be the projections. Then 
Y" t = y n pr^ (t). Let P: y — > Y be the resolution of the singularities of Y. Then 
pr 2 |y o P is a proper holomorphic function on the complex manifold Y. Since 
-P*(P r i)*7 is a C°° (n — l,n — l)-form on Y, we get 

(9.6) r,(t)= f P*(pr!)*7- f 

by [1, Th.4bis]. The result follows from (9.4), (9.5), (9.6). □ 
Define a germ / £ C by 

f(t) := [ log \z? ■ ■ • - t\ 2 u>! A ■ ■ ■ A uo n . 

Lemma 9.4. TTiere exists a germ g(t) £ Bq such that 



v -1 , . dt A dt 
dd f(t) = ^9(t) — ™ — , .9(0) = 0. 
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Proof. We keep the notation in the proof of Lemma 9.3. Since the assertion is 
obvious when ui = ■ ■ ■ = v n = 0, we assume that vi > for some i. Since 
z i x ' ' ' z rT — t is a, meromorphic function on (P 1 )™ x C, we deduce from (9.2) and 
the Poincare-Lelong formula the following equation of currents on (P 1 )™ x C: 

(9.7) dd c log \z? ■■■<»- t\ 2 =Sy- <W = Sy- 6 {pIi) , D . 

Since 

/ = (pr 2 ), {log \z? ■■■<»- t\ 2 (p ri )*( Wl A ■ ■ ■ A w„)} , 
we get on C \ {0} 
(9.8) 

rfd c / = (pr 2 ). {dd c log l^ 1 • • • - *| 2 A (prj*^! A • • • A w„)} 

= (P r 2)* {(&Y - Vri)*^) A (P r l)*(^l A ' ' 1 A U) n )} 

= (P r 2)* {(P r i)*( w i A • • • A 0J n )\ Y } - (pr 2 )* {(pr 1 )*(wi A • • • A w n \ D )} 

= (P r 2 |y)*{(P r i)*( w i A-" Auj n )\ Y } 

= (pr 2 |r ° ^)* {P*{Wi)*{ui A • • • A w„)} , 

where the first equality follows from the commutativity d<i c (pr 2 )* = (pr 2 )*dd c , the 
second equality follows from (9.7), and the fourth equality follows from the trivial 
identity ui\ A ■ ■ ■ A uo u \d = 0. Since P*(pr 1 )*(wi A • • • A u n ) is a C°° (n, n)-form on 
y and since pr 2 |y o P : Y — > C is a proper holomorphic map, the assertion follows 
from (9.8) and Lemma 9.2. □ 

Lemma 9.5. The germ f(t) is S 1 -invariant, i.e., f{t) = f(\t\). 

Proof. Without loss of generality, we may assume that v n > 0. Since 

/ log | A# + B\ 2 cj n = log(|A| 2/ ^ + |B| 2/ ^) 
Jr 1 

when (A, B) ^ (0, 0), we get by Fubini's theorem 
(9.9) 

f(t)= f log|^---<»-t| 2 wiA---Aw n 



= / (/ log|^---a£»-t| 2 w n )wiA---Aw n 

./(pl)n-l \Jpl J 

= [ log^r-C-vi^+i*! 2 ^)^ 



A • • • A w„_i. 

The assertion follows from (9.9). □ 

Let (r, 0) be the polar coordinates of C. Hence t = r e l6 . 

Lemma 9.6. Lef A(t) € C°°(Z\*). Assume that X(t) is S 1 -invariant, i.e., A(t) = 
A(r). Ifrd r \{t) e B , tfien A(t) e B . 

Proof. By the definition of So, there exist a finite set A C Q fl (0, 1] and germs 
Ha,k{t) € -4o, «ei,0<Kn such that 

n 

(9.10) rcU(r) - ]T £ r 2Q (logr) fc Ma , fe (t). 

a6i fc=0 
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We may assume that n a ,k{t) £ C°°(A(2e)) for some e > 0. Since the left hand side 
of (9.10) is ^-invariant, we may assume that ^ a ,k{t) = Ha,k(r) for all a and k after 
replacing (j, a>k (t) by fi a , k {e ld t) d6/2ir. By (9.10), we get 

(9.11) A(e) - A(r) = « 2Q_1 0°gu) fc /*«,*(«) du. 

aeAfc=CT r 

By (9.11), we see that X(t) £ Co by setting 

n _ e 

A(0) := A(e) - ^ ^ / u 2 °- 1 (logtt)V,*(«)'i«. 

aeAk=0^° 

Since A(i) G C , we get by (9.11) 

A(r) = A(0) + E E /' u^Oogu) W(«) d« 

= A(0) + ^^r 2a / » 2o, - 1 (logr + logt;) fc /i Q ,fc(w)dw 

= X W + EEE r 2 «(logr)' / ^-^log^^Vo^M^, 

which implies that X(t) £ Z? - □ 
Lemma 9.7. J/F(z) = ^ ■■■<", vi, ... , v n > 0, then ip(t) £ B - 

Proof. By Lemma 9.3, it suffices to prove that / £ Bq. Since /(i) = /(r) by Lemma 
9.5, we deduce from Lemma 9.4 the equation 



^W) = ^{/» + r-VV)}- 47rr2 . 

Hence .g(i) is invariant under the rotation, i.e., g(t) = g(r), and the following 
equation holds 

(9.12) (rd r ) 2 f(r)=g(r). 

Since g(t) £ Bo, we deduce from Lemma 9.6 and (9.12) that rd r f(r) £ Bo- By 
Lemma 9.6 again, we get f(t) £ Bo. □ 

Proof of Theorem 9.1 

We keep the notation in the proof of Lemma 9.2. There exists a system of coordinate 
neighborhoods {{Up, wp = {wi t p, . . . , w n ,p))}p<£B of J? and integers ki t p, . . . , k ny p > 
for each f3 £ B such that F\u (wp) — w^'p ■ ■ ■ w n "p . Without loss of generality, 
we may assume that the covering {Up}p e s of J? is locally finite. Let {gp}p£B be 
a partition of unity subject to the covering {Up}p<=B- Then xp '■— Q/3 W *X is a C°° 
(n, n)-form with compact support in Up. Since w*x has a compact support in SI, 
Xp = except finitely many [3 £ B. By Lemma 9.7, 

(9.13) Mt) ■■= [ ' ' ' " *l 2 xM^) e S . 

J Up 
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Since 

Q zu*x = ^(*)' 

we get ip(t) e So by (9.13). This completes the proof of Theorem 9.1. □ 
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